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Reflexive-Transitive Closure (RTC) tables, when used to persist hierarchical data, present many 
advantages over alternative persistence strategies such as path enumeration. Such advantages include, 
but are not limited to, referential integrity and a simple structure for data queries. However, RTC tables 
grow exponentially and present a concern with scaling both operational performance of the RTC table 
and volume of the RTC data. Discovering these practical performance boundaries involves 
understanding the growth patterns of reflexive and transitive binary relations and observing sample 
data for large hierarchical models. 
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Abstract  

Reflexive-Transitive Closure (RTC) tables, when used to persist hierarchical data, present many 

advantages over alternative persistence strategies such as path enumeration. Such advantages include, 

but are not limited to, referential integrity and a simple structure for data queries. However, RTC tables 

grow exponentially and present a concern with scaling both operational performance of the RTC table 

and volume of the RTC data. Discovering these practical performance boundaries involves 

understanding the growth patterns of reflexive and transitive binary relations and observing sample 

data for large hierarchical models. 

1 Introduction 
Reflexive-Transitive Closure (RTC) tables store binary relations that are both reflexive and transitive.  

RTC tables are well-suited for representing hierarchical data and, when implemented in relational data 

models, retain attractive qualities such as referential integrity and easy querying [1].   

Consider a set of data where elements are related to one another in a hierarchical structure, such as a 

family tree or corporate organizational structure (org chart).  Each element is related to another via 

“parent-child” relationships.  Choosing the family tree example, we know that a grandfather has one or 

more children who have one or more children, and so on. 

Table 1.1 is an example of an RTC table where the primary keys of hierarchical entities are stored as 

ParentID and ChildID; the distance between parent and child is stored as the PathLength [1].  While 

PathLength is a convenient data point, the field is not necessary to understanding RTC tables and will be 

ignored for now.  

Table 1.1 Example Reflexive-Transitive Closure table 

ParentID ChildID PathLength 

1 1 0 

1 2 1 

1 3 1 

1 4 2 

1 5 1 

1 6 2 

2 2 0 

2 4 1 

3 3 0 

3 6 1 
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4 4 0 

5 5 0 

6 6 0 

 

Roots of the hierarchy can be identified in the RTC table where a ParentID does not exist as a ChildID for 

any other ParentID but itself.  Furthermore, it can be observed that there are six unique ParentIDs, {1, 2, 

3, 4, 5, 6} and 13 relations {(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),(2,2),(2,4),(3,3),(3,6),(4,4),(5,5),(6,6)}. 

2 Reflexive-Transitive Closure Properties 
Identifying the reflexive and transitive properties of the RTC table brings into focus the primary 

challenge to scaling RTC tables.  First, recall the meanings of reflexivity and transitivity and the meaning 

of closure. Then, consider implications these properties have on the growth rate of the RTC table. 

2.1 Reflexivity 
The reflexive aspect of the RTC table can be found within the self-referential records in the table.  Recall 

Table 1.1, the self-referential binary relations are 

 { (1,1), (2,2), (3,3), (4,4), (5,5), (6,6) }     (result 2.1) 

Semantically, this binary relation represents the entities in the hierarchical data set.  That is, (1,1) may 

be Grandpa George in the family tree example, and (2,2) his first child Paul.  All other binary relations in 

the RTC table and not in result 2.1 are metadata about the relationships between family members in the 

family tree. 

Formally, we define the reflexive property of sets as 

 A relation R on a set S is reflexive provided that xRx for every x in S. [2]   (def 2.1) 

To clarify the definition, let S be the set of hierarchical data (our family tree) and x represent a family 

member. R is a record in the RTC table.  Now, result 2.1 can be understood in the context of the formal 

definition where each self-referential record can be thought of as xRx – a reflexive relation. 

2.2 Transitivity 
To identify the transitive aspect of the RTC table, consider the statement “If Grandpa George is related 

to his son Paul, and Paul is related to his daughter Emma, then Grandpa George is related to Emma”. 

Naturally, the statement is sensible as families are related in this way.  Now, identify the binary relations 

in the RTC table, Table 1.1, that reflect the statement given Grandpa George = 1, Paul = 2, and Emma = 

4. 

{ (1,2), (2, 4), (1,4) }       (result 2.2) 

The binary relations are said to be transitive and are formally understood as: 
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A relation R on a set S is transitive provided that for all x, y, and z in S  

such that xRy and yRz, we also have xRz [3]    (def 2.2) 

Once more, for clarity, let S be the set of hierarchical data.  Let x, y, and z be Grandpa George, Paul, and 

Emma, respectively.  Now, the relation in result 2.2 is understood to be transitive, as the relations (1,2), 

(2,4) and (1,4) exist in each relation xRy, yRz and xRz. 

2.3 Closure 
‘Closure’ has several meanings in both mathematics and computer science.  The meaning of closure as 

related to Reflexive-Transitive Closure is: 

The closure of a set S is the smallest closed set S’ containing S [4].  (def 2.3) 

Furthermore, 

A set is closed under some operation if performance of that  

operation on members of the set always produces a unique 

member of the same set [4].      (def 2.4) 

 

Recall the example from Table 1.1 where Grandpa George = 1, Paul = 2, and Emma = 4.  Suppose Emma 

grows up and has a child named Scott, in which case a new family member is added to the hierarchical 

data set (family tree).  Consider the operation “x is an ancestor to y” where x is some family member in 

the family tree and y is Scott, the new member of the family.  The hierarchical data set (family tree) is 

not closed on the given operation. Instead, we must define a subset of the hierarchical data set that is 

closed. This subset is our RTC table. 

It is easier to define the steps for constructing an RTC table by way of an example.  If Scott = 7, then the 

smallest closed set is composed of the following members: a self-referential record for Scott (7,7) and an 

entry for each of his direct ancestors whom can be found in the hierarchical data set (namely to Emma, 

Paul, and finally Grandpa George – (4, 7), (2, 7), (1,7) respectively).  The resulting binary relation is: 

{ (1,7), (2, 7), (4, 7), (7,7) }      (result 2.3)  

Note that result 2.3 is not the smallest closed set; rather the RTC table is, or contains, the smallest 

closed set.  Result 2.3 is the set of relations necessarily added to the RTC table to create the smallest 

closed set.  Also note that the relation contained in the RTC table is a superset of the hierarchical data 

set.   

Finally, the addition of result 2.3 constructs a closure within the RTC table that is both reflexive and 

transitive, hence the appellation “Reflexive-Transitive Closure”. Recall that xRy means “x is an ancestor 

to y”, and consequently the reflexive closure of R given result 2.3 is “x is an ancestor of y, or itself”; the 

transitive closure of R given result 2.3 is “x is one, or one of many, ancestors to y”.    
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3 Scalability Analysis 
With a broad understanding of the nature of the RTC table, the challenges of scaling the table become 

more evident.  Perhaps the most formidable challenge to scaling the RTC table is the exponential growth 

as a superset of the hierarchical data set.  Furthermore, the rate of growth affects consumption of 

physical storage space. 

3.1 Rate of Growth 
Recall result 2.3, where the relations added to the RTC table resulted in adding a family member to the 

hierarchy at a depth of 4 (inserted at a distance of four family members from the top-most ancestor).  

Given the nature of constructing the Reflexive-Transitive Closure, it is necessary to provide a relation for 

each direct ancestor including the new family member all the way to the top of the hierarchy.   

It follows that the number of relations added to the RTC table is equal to the number of direct ancestors 

plus the newly added element of the hierarchy, or the depth at which the element is added. The RTC 

table expands linearly at any ancestral level; however, as the relations grow in both depth and breadth, 

the growth is exponential. 

3.1.1 Depth-Wise Growth 

Reconsider the addition of Scott to the family tree, taking into account the relations that exist for Scott’s 

ancestors in the RTC table.  Consider the subset of relations consisting of Scott and his direct ancestors. 

{ (1,1), (1,2), (1,4), (1,7), 

  (2,2,), (2,4), (2,7), 

  (4,4), (4,7), 

  (7,7) }         (result 3.1) 

 

The subset in result 3.1 is at least the number of relations that exist in the RTC table following the 

addition of Scott to the family tree.  Summing the number of relations by first adding the relations at 

each ancestral level produces the series 1 + 2 + 3 + 4, the sum of which is 10.  Suppose a family member 

is added at some depth n, and a subset of relations is constructed in such a way to include the new 

family member and all direct ancestors.  Summing the number of relations in the same manner 

produces the following series, 

 

1 + 2 + 3 + 4 + … + n       (result 3.2) 

 

Result 3.2 is known as a Power Sum where p = 1 and is computed as, 

  

[n (n + 1)] / 2 [5]        (equation 3.1) 

To realize the potential size of the RTC table, the number of relations is computed in Table 3.1 for 

subsets defined in this way at depths 10, 100, 1000 and 10000. 

Table 3.1: Number of Relations in a Subset of Relations Comprised of an  
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Element at some Depth and All Direct Ancestors 

Depth of Hierarchy Number of Relations 

10 55 

100 5,050 

1,000 500,500 

10,000 50,005,000 

 

3.1.2 Breadthwise Growth 

Breadthwise growth occurs when multiple relations are added to the same parent in the hierarchy.  In a 

family tree, breadthwise growth is realized as siblings in each generation.  Consider a hierarchy with a 

depth of 10.  Suppose a sibling element is added to another element at depth 10.  Recall that the 

number of relations added is equal to the number of direct ancestors plus the new element, therefore 

there are 10 new relations added to the RTC table. 

The rate of growth at each ancestral level is linear.  That is, if we only add elements at depth 10, then 

the hierarchy will grow breadthwise by 10 each time.  Now, consider the rate of growth when expanding 

the hierarchy breadthwise in a uniform manner.   

Uniform breadthwise growth occurs when a new element is added as a sibling to every ancestral level.  

In the hierarchy of depth 10, uniform breadthwise growth would add 10 new relations at depth 10; 9 

new relations at depth 9; 8 new relations at depth 8 and so on until no more relations are added at the 

top-most ancestor, forming the following series, 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 which sums to 55. 

Furthermore, for some depth n, summing the number of relations added as a result of uniform 

breadthwise growth, produces the same series as result 3.2, which is summed in the same fashion using 

equation 3.1.  Therefore, uniform breadthwise growth follows the same exponential growth as depth-

wise growth. 

3.1.3 Assessing Practical Growth Constraints 

It is clear that for large depths of a hierarchy the RTC table grows very quickly.  However, it is not as easy 

to imagine practical examples of hierarchies, or at least common ones, that extend even beyond a depth 

of 20.  In order to gauge the impact of these growth behaviors on practical uses for RTC tables, consider 

an organization with approximately 2.1 million employees: Wal-Mart [6]. 

Assume, for argument’s sake, that the hierarchical structure of Wal-Mart employees is a depth of 15; it 

starts at the top with the CEO and extends down to employees who do not manage anyone else. 

Suppose that 50% of the employees are organized within the last five ancestral levels in the following 

way: 20% at depth 15; 10% at depth 14; 8% at depth 13; 6% at depth 12; 4% at depth 11; and 2% at 

depth 10. 
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Table 3.2: RTC Table Size Applied to Supposed Wal-Mart Employee Organizations 

Depth of 

Hierarchy 

% 

Employees 

Number of Employees per Ancestral 

Level 

Total Number of Relations for 

Employees in Ancestral Level 

10 2% 42,000 420,000 

11 4% 84,000 924,000 

12 6% 126,000 1,512,000 

13 8% 168,000 2,184,000 

14 10% 210,000 2,940,000 

15 20% 420,000 6,300,000 

  Total Relations 14,280,000 

 

Table 3.2 demonstrates the growth potential of the RTC table.  The first column in the table indicates 

the last five ancestral levels in the example.  The neighboring column includes the percentage of 

employees allocated to the ancestral level.  The next column, “Number of Employees per Ancestral 

Level”, is calculated from the 2.1 million employees per the percentage allocated to the ancestral level, 

e.g. 2% of 2.1 million is 42,000 employees.  The last column, “Total Number of Relations for Employees 

in Ancestral Level”, is calculated by multiplying the number of employees by the depth of the hierarchy.  

Recall that the number of relations per new element is equal to the depth at which the new element is 

added, hence the calculation for the last column. 

3.2 Time per Depth-Wise Growth 
To understand the implications of the exponential growth rate of the RTC table, an implementation was 

monitored for time to add a new entry in the hierarchical data table and corresponding relations.  Figure 

3.1 shows that the time necessary to complete each transaction with the RTC table varies exponentially. 

The number of transactions range from 1 to 10,000 and the number of relations per transactions range 

from 1 to 50,005,000 relations per transaction.  

For the purpose of measuring depth-wise growth, the hierarchy is constructed with only a single lineage, 

i.e. every element added to the hierarchy has only one child except for the last element at depth 10,000.  

A transaction, for the purpose of this sample, consists of adding a new element to the hierarchical data 

set which triggers the addition of all corresponding relations in the RTC table.  Therefore, a transaction 

at depth 100 consists of one insert into the hierarchical data table and 100 elements inserted in the RTC 

table; the depth of this transaction is said to be 100. 



 

© Brandon Berry, 2011  Page 8 

 

Figure 3.1 reflects regular spikes in time which are due to the continuous expansion of the size of the 

database.  Observe the spikes in time occur at longer intervals as depth increases; this suggests the 

database is expanded less frequently. Given the database expands by 10% each time, it is reasonable to 

conclude that space consumption increases significantly as depth increases, as may be expected with 

transactions involving the addition of millions of relations. 

Table 3.1: Time(ms) per RTC Table Transaction 

Min 1 

Median 5865 

Mean 6876 

Max 20856 
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3.3 Space Consumption per RTC Table Growth 
One direct side effect of exponential growth of the RTC table is increased consumption of physical disk 

space required to persist relations.  In conjunction with the test conducted in section 3.1, the space 

consumed after each transaction was collected and supports the observation of Figure 3.1 that space 

consumption increases significantly as depth increases.  

 

Since this sample implementation consists of only the RTC table and hierarchical data table, it is 

reasonable to expect the database size will grow closely to the size of both tables.  Table 3.2 shows that 

the RTC table is almost solely responsible for growth of the database; the hierarchical data set is of little 

impact. 
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Table 3.2: Space Consumption per RTC Table Transaction 

 RTC Table Database 

Min 16 KB 3000 KB 

Median 313032 KB 310250 KB 

Mean 400055 KB 394941 KB 

Max 1150792 KB (1.15 GB) 1129750 KB (1.12 GB) 

 

4 Conclusion 
Reflexive-Transitive Closure tables, when persisting hierarchical data, provide several attractive features 

such as referential integrity and convenient data querying. The reflexive and transitive closures create a 

superset of hierarchical data.  This superset allows for complex relationships within the hierarchy to be 

readily utilized without a need for pre-computation or heavy parsing, as required by self-referential 

tables or path enumeration. 

RTC tables grow exponentially as the depth of the hierarchy increases.  Because of this exponential 

growth, RTC tables are perhaps most practical when applied to shallow hierarchies.  However, as 

demonstrated with a practical example, shallow hierarchies are not immune to the scalability problem 

facing the RTC table.  Therefore, when considering RTC tables for hierarchical data the specifications of 

the hierarchy ought to be examined closely so as to avoid facing any of the challenges discussed herein. 

5 Appendix 

5.1 Sampling Environment Specifications 
OS: Windows 7 Ultimate 

Processor: Intel Core i7 2GHz 

RAM: 4 GB 

Storage: Promise Pegasus R4 4TB RAID 0 

RDBMS: SQL Server 2008 R2 

Microsoft SQL Server Management Studio 10.50.2500.0 

Microsoft Analysis Services Client Tools 10.50.2500.0 

Microsoft Data Access Components (MDAC) 6.1.7601.17514 

Microsoft MSXML 3.0 4.0 5.0 6.0  

Microsoft Internet Explorer 9.0.8112.16421 

Microsoft .NET Framework 2.0.50727.5448 

Operating System 6.1.7601 
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